Introduction
Let n ≥ 2. Let H n be the hyperbolic n-space and Isom H n its group of isometries. Suppose that Γ < Isom H n is a discrete, torsion free subgroup. The action of Γ on H n extends to a continuous action on the compactification of H n by the sphere at infinity S n−1 ∞ . The limit set Λ(Γ) is the set of all accumulation points of the orbit of a point in H n . Λ(Γ) does not depend on the choice of the point and is a subset of S n−1 ∞ (see [3] or [2] for the case n = 3). The domain of discontinuity Ω(Γ) is the complement of Λ(Γ) in S n−1 ∞ . The quotient space M = H n /Γ is a manifold because Γ is torsion free and hence acts without fixed points on H n (see [1, 3] ). Let p : H n → M be the projection map. Let d H be the topological metric on H n induced by its Riemannian metric and d be the topological metric on M induced by its Riemannian metric. In this paper we prove the following theorem.
Theorem 1 Suppose that Γ < Isom H n is a discrete, torsion free subgroup and a ∈ Ω(Γ). Then there exists an open neighborhood U of a in
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Proof of Theorem 1
Suppose that n ≥ 2 and Γ < Isom H n is a discrete, torsion free subgroup. Let
n ≤ 1 be the compactification of Poincaré ball model of H n by the sphere at infinity S n−1
We write d E to denote the topological Euclidean metric on B n . We will make use of the following equation (see [3] ).
Since Γ is torsion free, we have the following useful theorem (see [3] , §12.1).
For a ∈ Ω(Γ), let B(a, r) be the open ball in (B n , d E ) with center a and radius r. We will need the following trivial lemma.
for all x, y ∈ U and γ = 1.
Proof. Suppose that a ∈ Ω(Γ). Due to Theorem 2, we can choose an open neighborhood
A Möbius transformation of R n ∪ {∞} is a finite composition of reflections of R n ∪ {∞} in spheres or planes. A Möbius transformation of B n is a Möbius transformation of R n ∪ {∞} that leaves B n invariant. We will also make use of the following theorem (see [3] , §4.4, §4.5).
Theorem 3 Suppose that γ ∈ Γ and γ = 1. Then γ extends to A γ • i γ , a unique Möbius transformation of B n (which we also refer to as γ), where A γ is an orthogonal transformation of R n and i γ is a reflection in a sphere which is orthogonal to S n−1 ∞ .
Let S(c, r) be the sphere in R n with center c and radius r. We have the following explicit formulae for reflections in spheres (see [3] for a proof).
Theorem 4
Since Γ is torsion free and Λ(Γ) ⊂ S n−1 ∞ , we can prove the following proposition.
Proposition 1 Suppose that γ ∈ Γ and γ = 1. Let γ = A γ •i γ be as in Theorem 3, where i γ is the reflection in the sphere S(c γ , r γ ) which is orthogonal to S n−1
Proof. To get a contradiction, suppose that ∆ = γ ∈ Γ | γ = 1, r γ ≥ 1 2 is an infinite set. Recall that Γ does not contain any element which has a fixed point in H n except the identity.
Let γ ∈ ∆. Since S(c γ , r γ ) is orthogonal to S n−1 ∞ , we have (see [3] , §4.4)
Therefore from Theorem 4, we have
Any orthogonal transformation is an Euclidean isometry which fixes O. Therefore, for all γ ∈ ∆, from Theorem 3 we have
Thus, by eq. (2), Γ(O) has an accumulation point in A. This is a contradiction to the fact Λ(Γ) ⊂ S n−1 ∞ . Therefore ∆ is a finite set. Hence sup γ =1 r γ < ∞.
We will need the following lemma.
Lemma 2 Suppose that a ∈ Ω(Γ). Then there exist an open neighborhood of U of a in H n ∪ Ω(Γ) and a constant C ≥ 1 such that
Proof. Suppose that a ∈ Ω(Γ). By Theorem 2, we can choose an open neigh-
To get a contradiction, suppose that for all k ∈ N, there exist
We may assume that γ k = 1 for all k ∈ N. For each k ∈ N, let γ k = A k • i k be as in Theorem 3, where i k is the reflection in the sphere S(c k , r k ). By Proposition 1, we can choose a constant C ′ ≥ 1 such that r k ≤ C ′ for all k ∈ N. Therefore from Theorem 4, we have
Therefore from eq. (3), we have
Choose a subsequence c k(j) of c k such that lim j→∞ d E (c, c k(j) ) = 0. Since
Therefore by Theorem 4, we have
Thus c ∈ Λ(Γ) contradicting eq. (4). Hence there exists a constant C ≥ 1 such that
We now prove the following proposition due to Lemma 2.
Proposition 2 Suppose that a ∈ Ω(Γ). Then there exist an open neighborhood U of a in H n ∪ Ω(Γ) and a constant C ≥ 1 such that
for all x ∈ U ∩ H n and γ ∈ Γ. Proof. Suppose that a ∈ Ω(Γ). By Lemma 2, there exist open neighborhood U of a and C ′ ≥ 1 such that
Note that we may assume that Γ(O) ∩ U = ∅ and the boundary of U is a sphere orthogonal to S n−1 ∞ , intersected with B n . Suppose that x ∈ U ∩H n and γ ∈ Γ. Since Γ(O)∩U = ∅, we have x, γx = O. Consider x and γx as vectors in B n ⊂ R n and let
and c = γx d E (O, γx) .
